We provide benchmark values for Shannon information entropies in position space for the ground state and ls2s 1 S e excited state of helium confined with finite confinement potentials by employing the highly correlated Hylleraas-type wave functions. For the excited state, a "tilt" (small oscillation) on the curve of Shannon entropy as a function of width size for the confinement potential is observed. Justified by the behavior of the electron density, the localization or delocalization of the helium wave functions confined with repulsive and attractive finite oscillator (FO) potentials are examined.
Introduction
In recent developments on quantum information, quantum computation, quantum teleportation, and quantum cryptography, quantum entanglement plays a central role in such areas [1] . There have been considerable research activities being carried out on investigations of quantum entanglement in model, artificial, and natural atoms [2] [3] [4] [5] [6] [7] [8] [9] [10] . In our group, we have also carried out quantification of entanglement entropies in model [11, 12] and natural atoms [13] [14] [15] [16] [17] [18] [19] [20] [21] , such as the helium atom and the hydrogen and positronium negative ions. In these studies, the spatial (electron-electron orbital) entanglement measured with von Neumann entropy and linear entropy were quantified for the ground state, the singly excited states [13] [14] [15] [16] [17] and the doubly excited resonance states [18, 19] . Our recent works also include quantification of entanglement entropies for atoms embedded in Debye plasmas in which the Coulomb potentials for the two-body interactions are replaced by screened Coulomb (Yukawa-type) potentials [20] . In addition to von Neumann entropy, we also reported an investigation of Shannon information entropies for two-electron atomic systems [19, 21] . Shannon entropy for hydrogen-like and helium-like atomic systems with infinite confinement were investigated by Sen [22] . Recently, the von Neumann entropy for helium with finite confinement [23] and with infinite confinement were calculated by Koscik and Saha [24] .
In other related development, spectroscopic atomic structures for confined atomic systems have been under active investigations [25] [26] [27] [28] [29] [30] [31] . In Ref. [23, 24] , the von Neumann and linear entropies of the ground state helium inside a spherical cavity with finite or infinite confinements were calculated, but Shannon information entropy for helium with finite confinement has not been reported in the literature, to the best of our knowledge. This work presents such an investigation. Here, we report calculations of Shannon entropy for the ground state and first singlet-spin excited state of helium confined with finite attractive [27] [28] [29] and repulsive potentials [24] by employing highly correlated and extensive Hylleraas-type wave functions. We use the finite oscillator (FO) potentials for the external confinement potentials [24, [27] [28] [29] .
Shannon entropy was first introduced by Claude E. Shannon [32] in 1948 to quantify the average amount of information in a source and to evaluate probability distribution of a sample, and it also shows statistical correlations between particles [33, 34] . Investigations on Shannon information entropy of atomic systems have also been reported in the literature [35] . For instance, Gadre et al. investigated Shannon entropy within Thomas-Fermi theory and for harmonic oscillator and a series of atoms [36, 37] . Besides, Yanez et al. calculated Shannon entropies for the D-dimensional harmonic oscillator and hydrogen atom [38] . In our present work for the confined helium atom in its ground and excited states, Shannon entropy provides information about the localization or delocalization of this two-electron system.
Theoretical Method
The non-relativistic Hamiltonian (in atomic units) describing the helium atom is
where the subscript 1 and 2 denote the electron 1 and 2, respectively, and r 12 is the relative distance between the electron 1 and 2. Energies in atomic units are used in the present work. The external confinement potential can be attractive, V att (r), or repulsive, V rep (r). The attractive confinement potential is described as
and was used in previous studies for structural variations for bound [27, 29] and resonance states [28, 29] . 
it was used in Ref. [24] for von Neumann entropy calculations on confined ground state helium. The potentials in the form of Equations (2) and (3) are called the finite oscillator (FO) potential [27] . In both cases, the parameter A and 1/B controls the depth and width of the potential, respectively. The tilizations of these two potentials are scattered independently in different publications [24, [27] [28] [29] but no comparison was made. Therefore, we unify them together in this context to provide a thorough investigation of the difference between them. It turns out that given the same set of confinement parameters (A and 1/B), the energy of a specific state subjected to repulsive potential is larger than that subjected to attractive potential by 2A. On the other hand, entropies for both cases are the same. This may indicate that these two potentials provide similar confinement effects if parameter sets are identical. In the present work, for S-states in the helium atom, we employ Hylleraas-type wave functions to describe the coordinate part of the system to take into account the correlation effects, and they are expressed as
with k + m + n ≤ ω, and ω, k, m, and n are positive integers or zero. For the singlet-spin ground state, we have k ≥ m. In Equation (4), α is a variational parameter. For a multi-electron system, the Shannon information entropy in position space, denoted as S r , is defined by the one-electron charge density ρ(r), after averaging out the rest of other electrons, as
where, in our present case for a two-electron system, the function ρ(r) is shown as
The integral in Equation (5) is solved by the Gauss-Laguerre quadrature integration. The convergence of the numerical calculation is tested by the normalization condition:
In this work, we calculate Shannon entropy in position space (S r ) for the ground state and the 1s2s 1 S e excited state of the quantum confined helium atom.
Calculations and Results

Shannon Entropy for the Ground State and the 1s2s 1 S e Excited State of He without Confinement
In order to check the accuracy of our present results, first we calculate S r for the free-helium case. The wave functions of the ground state helium are constructed by using highly correlated Hylleraas-type function with optimal α = 2. As the value of ω in Equation (4) increases, the size of the basis set gets larger and the wave functions would be able to provide a better description for the ground state. Furthermore, by systematically changing the value of ω, we have examined the optimized energy for that state, and with which the Shannon entropy in position space for such state is calculated. In Table 1 , we show the convergence of the ground state energy in terms of ω. It is seen that our energies compare quite well with other accurate calculations in the literature [21, 39] .
Once the wave functions are obtained, we apply them to calculate Shannon entropy in position space, and the results are also shown in Table 1 . It is seen that both energy and Shannon entropy show good convergence. In Figure 1a ,b respectively, we show the convergence behaviors for energy and S r . We conclude that our S r for the free helium ground state is 2.7051028, and we estimate the uncertainty is within a few parts in the last quoted digit. Our present results are consistent with the earlier investigation [21] . As for the 1s2s 1 S e excited state of free He, we first conduct a variational optimization of the parameter α to obtain better wave functions describing the 1s2s 1 S e excited state. The optimal α is found to be 1. 19 . Then, the convergence of energy and S r with respect to the enlargement of ω is also investigated and displayed in Table 1 . We estimate that our S r for the 1s2s 1 S e excited state of helium is 5.49197, with an uncertainty of a few parts in the last quoted digit. 
Shannon Entropy for Ground State He under Confinement with Attractive Potential
Next, we consider the ground state helium confined by an external attractive potential with finite height (Figure 2 ), called "finite oscillator (FO) potential" [27, 28] of the form given in Equation 2. Hylleraas-type wave functions as those for the free helium case, with up to ω = 11 (N = 203 terms) are used, for practical purposes to strike a balance between saving computer time and achieving acceptable accuracy. The energy for the quantum confined helium with attractive confinement for selected A and 1/B values are shown in Table 2 and Figure 3 . Comparisons are made for selected energy values with other calculations [29] , and it is seen that our energies are well in agreement with other earlier results in the literature. In the two limiting cases when the cavity size is very small or very large, the helium atom behaves like a free atom. At the small cavity limit, the energy of the system is approaching the free helium energy. At the large cavity limit, the total energy of the system is the sum of the free helium energy plus the confinement potential energy for two electrons, −2A. Our calculated results support such a physical phenomenon. 
Next, we consider the ground state helium confined by an external attractive potential with finite height (Figure 2 ), called "finite oscillator (FO) potential" [27, 28] of the form given in Equation (2) . Hylleraas-type wave functions as those for the free helium case, with up to ω = 11 (N = 203 terms) are used, for practical purposes to strike a balance between saving computer time and achieving acceptable accuracy. The energy for the quantum confined helium with attractive confinement for selected A and 1/B values are shown in Table 2 and Figure 3 . Comparisons are made for selected energy values with other calculations [29] , and it is seen that our energies are well in agreement with other earlier results in the literature. In the two limiting cases when the cavity size is very small or very large, the helium atom behaves like a free atom. At the small cavity limit, the energy of the system is approaching the free helium energy. At the large cavity limit, the total energy of the system is the sum of the free helium energy plus the confinement potential energy for two electrons, −2A. Our calculated results support such a physical phenomenon. 
Next, we consider the ground state helium confined by an external attractive potential with finite height (Figure 2 ), called "finite oscillator (FO) potential" [27, 28] of the form given in Equation 2. Hylleraas-type wave functions as those for the free helium case, with up to ω = 11 (N = 203 terms) are used, for practical purposes to strike a balance between saving computer time and achieving acceptable accuracy. The energy for the quantum confined helium with attractive confinement for selected A and 1/B values are shown in Table 2 and Figure 3 . Comparisons are made for selected energy values with other calculations [29] , and it is seen that our energies are well in agreement with other earlier results in the literature. In the two limiting cases when the cavity size is very small or very large, the helium atom behaves like a free atom. At the small cavity limit, the energy of the system is approaching the free helium energy. At the large cavity limit, the total energy of the system is the sum of the free helium energy plus the confinement potential energy for two electrons, −2A. Our calculated results support such a physical phenomenon. Calculated for the first time, our results for Shannon entropy for ground state of He under confinement with attractive potential is shown in Table 2 and Figure 4 . Two different cases, with A = 0.2 and 0.5, and 1/B spreading around from very small cavity size (1/B = 0.01) to very large cavity (1/B = 100), are reported. Shannon entropy shows a decreasing trend as the size of the cavity starts increasing from the free helium case. When the cavity is increased to a certain value, Sr reaches a minimum. If the cavity size is increased further, Sr turns to show an increasing trend, and eventually it is increased back to the value for the free helium case. Such a phenomenon can be qualitatively explained as follows: when the size of the cavity starts to increase, the edge of the potential barrier will have interference effect with the wave function of the ground state helium. As a result, the system would exhibit a more localized (decreasing Sr) character. When the cavity size is increased further after Sr reaching a minimum, it turns to show an increasing trend, indicating that the interference effect starts to diminish, and the system then becomes more delocalized. Eventually, Sr would increase back to the value for a free helium when the edge of the cavity is far away from the effective region for the ground state helium wave function. Calculated for the first time, our results for Shannon entropy for ground state of He under confinement with attractive potential is shown in Table 2 and Figure 4 . Two different cases, with A = 0.2 and 0.5, and 1/B spreading around from very small cavity size (1/B = 0.01) to very large cavity (1/B = 100), are reported. Shannon entropy shows a decreasing trend as the size of the cavity starts increasing from the free helium case. When the cavity is increased to a certain value, S r reaches a minimum. If the cavity size is increased further, S r turns to show an increasing trend, and eventually it is increased back to the value for the free helium case. Such a phenomenon can be qualitatively explained as follows: when the size of the cavity starts to increase, the edge of the potential barrier will have interference effect with the wave function of the ground state helium. As a result, the system would exhibit a more localized (decreasing S r ) character. When the cavity size is increased further after S r reaching a minimum, it turns to show an increasing trend, indicating that the interference effect starts to diminish, and the system then becomes more delocalized. Eventually, S r would increase back to the value for a free helium when the edge of the cavity is far away from the effective region for the ground state helium wave function. The reasoning above is supported by the behavior of electron density, ρ(r) (Equation (6)) as a function of the radius, r. As shown in Figure 5 , either the cavity width is very small (1/B = 0.01) or very large (1/B = 100), the electron density is more spread out, or more delocalized as if the helium is free. When the cavity size (1/B = 0.702) matches the wave function, the electron density is the most localized toward the origin. 
Shannon Entropy for the 1s2s 1 S e Excited State of He under Confinement with Attractive Potential
In order to provide a better description of the 1s2s 1 S e excited state of He, the size of the Hylleraas-type wave function is enlarged up to ω = 13 (N = 308 terms). The energy curve is shown in Figure 6 . At the large cavity limit, the energy is lowered by 2A as in the ground state. Compared with the wave function for the ground state, the one for 1s2s 1 S e excited state has one more node. Here comes the difference. It exhibits additional interference with the cavity. This phenomenon is probed by the "tilt" (small oscillation) or the not-so-smooth change in the slope of Shannon entropy curve from 1/B = 0.1 to 0.72 in Figure 7 , for the A = 0.5 case. The electron density also provides a better understanding to such phenomenon. As shown in Figure 8 , the electron density is the most delocalized when the cavity width is small (1/B = 0.015). As the width begins to increase from 1/B = 0.268 to 1.14, the electron density flows toward the origin and becomes most localized when 1/B = 2.812. The selected values of energy and Shannon entropy are listed in Table 3 . The reasoning above is supported by the behavior of electron density, ρ(r) (Equation (6)) as a function of the radius, r. As shown in Figure 5 , either the cavity width is very small (1/B = 0.01) or very large (1/B = 100), the electron density is more spread out, or more delocalized as if the helium is free. When the cavity size (1/B = 0.702) matches the wave function, the electron density is the most localized toward the origin. The reasoning above is supported by the behavior of electron density, ρ(r) (Equation (6)) as a function of the radius, r. As shown in Figure 5 , either the cavity width is very small (1/B = 0.01) or very large (1/B = 100), the electron density is more spread out, or more delocalized as if the helium is free. When the cavity size (1/B = 0.702) matches the wave function, the electron density is the most localized toward the origin. In order to provide a better description of the 1s2s 1 S e excited state of He, the size of the Hylleraas-type wave function is enlarged up to ω = 13 (N = 308 terms). The energy curve is shown in Figure 6 . At the large cavity limit, the energy is lowered by 2A as in the ground state. Compared with the wave function for the ground state, the one for 1s2s 1 S e excited state has one more node. Here comes the difference. It exhibits additional interference with the cavity. This phenomenon is probed by the "tilt" (small oscillation) or the not-so-smooth change in the slope of Shannon entropy curve from 1/B = 0.1 to 0.72 in Figure 7 , for the A = 0.5 case. The electron density also provides a better understanding to such phenomenon. As shown in Figure 8 , the electron density is the most delocalized when the cavity width is small (1/B = 0.015). As the width begins to increase from 1/B = 0.268 to 1.14, the electron density flows toward the origin and becomes most localized when 1/B = 2.812. The selected values of energy and Shannon entropy are listed in Table 3 . 
In order to provide a better description of the 1s2s 1 S e excited state of He, the size of the Hylleraas-type wave function is enlarged up to ω = 13 (N = 308 terms). The energy curve is shown in Figure 6 . At the large cavity limit, the energy is lowered by 2A as in the ground state. Compared with the wave function for the ground state, the one for 1s2s 1 S e excited state has one more node. Here comes the difference. It exhibits additional interference with the cavity. This phenomenon is probed by the "tilt" (small oscillation) or the not-so-smooth change in the slope of Shannon entropy curve from 1/B = 0.1 to 0.72 in Figure 7 , for the A = 0.5 case. The electron density also provides a better understanding to such phenomenon. As shown in Figure 8 , the electron density is the most delocalized when the cavity width is small (1/B = 0.015). As the width begins to increase from 1/B = 0.268 to 1.14, the electron density flows toward the origin and becomes most localized when 1/B = 2.812. The selected values of energy and Shannon entropy are listed in Table 3 . Figure 7 and is the most localized and concentrated. 
Shannon Entropy for Ground State of He under Confinement with Repulsive Potential
Next, we consider the ground state helium confined by an external repulsive potential with finite height (see Figure 9 ). We use a modified finite oscillator (FO) potential of the form given in Equation (3), and this form of repulsive potential was also used in Ref. [24] . It is worth noting that the energy of a specific state with current repulsive potential is larger than that with previous attractive potential by 2A, while entropies for both cases with identical parameters would be the same. Again, we use similar Hylleraas-type wave functions as those for the free-helium case, with up to ω = 11 (N = 203 terms). Table 4 shows the energy and Shannon entropy for quantum confined ground state helium with repulsive confinement for selected A and 1/B values. We choose A = 2.0 and 5.0, the same as those used in Ref. [24] . Comparisons are made for energy with other calculations [24] and shows good agreement. When the cavity size is very small, the confinement energy is +2A, and the total energy of the system is the sum of the free helium energy plus this additional amount of 2A, as shown in Figure 10 . At the limiting case when the cavity size is very large, the repulsive potential becomes negligible, and the total energy is approaching the energy of a free helium atom. Our numerical calculated results for energies do support such conclusion. Next, we consider the ground state helium confined by an external repulsive potential with finite height (see Figure 9 ). We use a modified finite oscillator (FO) potential of the form given in Equation (3), and this form of repulsive potential was also used in Ref. [24] . It is worth noting that the energy of a specific state with current repulsive potential is larger than that with previous attractive potential by 2A, while entropies for both cases with identical parameters would be the same. Again, we use similar Hylleraas-type wave functions as those for the free-helium case, with up to ω = 11 (N = 203 terms). Table 4 shows the energy and Shannon entropy for quantum confined ground state helium with repulsive confinement for selected A and 1/B values. We choose A = 2.0 and 5.0, the same as those used in Ref. [24] . Comparisons are made for energy with other calculations [24] and shows good agreement. When the cavity size is very small, the confinement energy is +2A, and the total energy of the system is the sum of the free helium energy plus this additional amount of 2A, as shown in Figure 10 . At the limiting case when the cavity size is very large, the repulsive potential becomes negligible, and the total energy is approaching the energy of a free helium atom. Our numerical calculated results for energies do support such conclusion. As for Shannon entropy for the case with an external repulsive potential, shown in Figure 11 and Table 4 , the variation of Sr for changing cavity size is very similar to that for the case with attractive potential. It first shows a decreasing trend when the cavity size starts to increase, a consequence of interference effect from the edge of the potential well on the helium wave function, leading to more localized character for the confined helium. After Sr reaching a minimum as 1/B is continued to increase, it turns to show an increasing trend, and eventually Sr would increase back to the value for a free helium when the cavity size becomes very large. The same phenomenon can be explained in detail similar to that for the case with an external attractive potential. By observing the electron density in Figure 12 , when the width is very small (1/B = 0.01) or very large (1/B = 10), the electron density is similar and behaves like that of free He. However, when the width (1/B = 0.082) is appropriate to the wave function, the electron density is the most localized and shows a concentrated peak. As for Shannon entropy for the case with an external repulsive potential, shown in Figure 11 and Table 4 , the variation of S r for changing cavity size is very similar to that for the case with attractive potential. It first shows a decreasing trend when the cavity size starts to increase, a consequence of interference effect from the edge of the potential well on the helium wave function, leading to more localized character for the confined helium. After S r reaching a minimum as 1/B is continued to increase, it turns to show an increasing trend, and eventually S r would increase back to the value for a free helium when the cavity size becomes very large. The same phenomenon can be explained in detail similar to that for the case with an external attractive potential. By observing the electron density in Figure 12 , when the width is very small (1/B = 0.01) or very large (1/B = 10), the electron density is similar and behaves like that of free He. However, when the width (1/B = 0.082) is appropriate to the wave function, the electron density is the most localized and shows a concentrated peak. The electron density for the ground state helium with different cavity width (1/B) of repulsive confinement as a function of radius. The one for 1/B = 10 (large width limit) is represented in blue dash since it is very similar to the red one for 1/B = 0.01 (small width limit). The green curve (1/B = 0.082, the red valley in Figure 11 ) shows the most localized behavior.
Shannon Entropy for 1s2s 1 S e Excited State of He under Confinement with Repulsive Potential
We show the energy curve for the 1s2s 1 S e excited state in Figure 13 . Hylleraas-type wave functions with ω = 13 (N = 308 terms) are employed. At the small cavity limit, the energy is increased by 2A, similar to the effect on the ground state. Furthermore, as a consequence of the extra node of the 1s2s 1 S e excited-state wave function, the wave function interferes with the cavity differently and reflects on Shannon entropy as a "tilt" in Figure 14 . The behavior of electron density also justifies such phenomenon. As shown in Figure 15 , at the small (1/B = 0.004) cavity width limit, the electron density is as delocalized as the free helium. The smaller width to the cavity, the more localized it is to the electron density. Eventually, the electron density is the most condensed toward the origin when 1/B = 0.204. Some selected values of energy and Shannon entropy are listed in Table 5 . Figure 11 ) shows the most localized behavior.
We show the energy curve for the 1s2s 1 S e excited state in Figure 13 . Hylleraas-type wave functions with ω = 13 (N = 308 terms) are employed. At the small cavity limit, the energy is increased by 2A, similar to the effect on the ground state. Furthermore, as a consequence of the extra node of the 1s2s 1 S e excited-state wave function, the wave function interferes with the cavity differently and reflects on Shannon entropy as a "tilt" in Figure 14 . The behavior of electron density also justifies such phenomenon. As shown in Figure 15 , at the small (1/B = 0.004) cavity width limit, the electron density is as delocalized as the free helium. The smaller width to the cavity, the more localized it is to the electron density. Eventually, the electron density is the most condensed toward the origin when 1/B = 0.204. Some selected values of energy and Shannon entropy are listed in Table 5 . Figure 12 . The electron density for the ground state helium with different cavity width (1/B) of repulsive confinement as a function of radius. The one for 1/B = 10 (large width limit) is represented in blue dash since it is very similar to the red one for 1/B = 0.01 (small width limit). The green curve (1/B = 0.082, the red valley in Figure 11 ) shows the most localized behavior.
We show the energy curve for the 1s2s 1 S e excited state in Figure 13 . Hylleraas-type wave functions with ω = 13 (N = 308 terms) are employed. At the small cavity limit, the energy is increased by 2A, similar to the effect on the ground state. Furthermore, as a consequence of the extra node of the 1s2s 1 S e excited-state wave function, the wave function interferes with the cavity differently and reflects on Shannon entropy as a "tilt" in Figure 14 . The behavior of electron density also justifies such phenomenon. As shown in Figure 15 , at the small (1/B = 0.004) cavity width limit, the electron density is as delocalized as the free helium. The smaller width to the cavity, the more localized it is to the electron density. Eventually, the electron density is the most condensed toward the origin when 1/B = 0.204. Some selected values of energy and Shannon entropy are listed in Table 5 . Figure 14 , and is the most localized and concentrated. 
Summary and Conclusions
By employing highly correlated Hylleraas functions, we have carried out first-time calculations on Shannon information entropy in position space, S r , of the ground state and singly excited state for a two-electron helium atom confined with an external finite potential. Both attractive and repulsive confinement potentials in the form of finite oscillatory potentials have been investigated. By unifying the two potentials in this context, a thorough and detailed comparison is made. Furthermore, it is found that for the same set of confinement parameters (A and 1/B), the energy of a specific state under repulsive confinement is larger than that under attractive confinement by 2A while entropies for both cases remain the same. It is concluded that two potentials could provide similar confinement effects if the parameters are the same.
Through systematic examination of convergence behaviors for S r when different expansion lengths in the wave functions are used, we are able to provide benchmark values for Shannon entropy in position space for helium confined by the abovementioned external potentials. Furthermore, for the 1s2s 1 S e excited state with which wave function processes an additional node as compared to that for the ground state, a "tilt" in the Shannon entropy curve is observed. It seems that Shannon entropy is capable of probing the subtle change of electron localization. Justified by the behavior of the electron density, the localization and delocalization of confined helium have been examined and discussed.
Finally, we should mention that several topics are expected for further research. First, aside from Shannon entropy, other kinds of entropy provide different aspects and understandings for the system. For instance, a relation between natural orbital occupation numbers and Jaynes entropy is reported by March et al. [40] . Second, it is possible to probe the correlation effect by examining the behavior of Shannon entropies under different confinement conditions [41] . Third, Amovilli, Howard and March have systematically investigated the electron density expression for He-like ion sequence with a modified interparticle interaction [42] [43] [44] . Therefore, it is possible to examine the behavior of Shannon entropies for these systems. Fourth, in the present work we only calculate the Shannon entropy in position space, S r . In order to test the entropic uncertainty principle [45] for an atomic state in three-dimensional space, the Shannon entropy in corresponding momentum space, S p , should also be calculated, with
where γ(p) denotes the momentum density, normalized to unity. Defining S T as the entropy sum, the entropic uncertainty principle is expressed as S T = S r + S p ≥ 3 (1 + ln π)
The entropy sum can be used to test a stronger version of the Heisenberg's uncertainty principle for an N-electron system [46] , with S T ≥ 3 N (1 + ln π ) − 2N ln N
Saturation of this inequality has been found with Shannon entropy for a harmonic oscillator by Majernik et al. [47] . It remains an interesting and challenging problem to quantify Shannon entropy in momentum space for two-electron states using highly correlated wave functions, and such a calculation is outside the scope of our present investigation. Nevertheless, it is hoped that the findings in our present work would stimulate further investigations on such an intriguing behavior for the highly correlated two-electron system confined by external finite potentials.
